Abstract: Mode conversion can be achieved in multimode waveguides using optical analogy of stimulated Raman adiabatic passage. The coupled mode equations (CMEs) for adiabatic mode conversion via an intermediate mode with wavelength detunings are derived for an engineered step-index multimode waveguide. It is shown that the detunings cause diabatic coupling of adiabatic modes and result in lowered conversion efficiency. The Landau-Zener (LZ) model of nonadiabatic crossing is used to analyze the spectral response of the mode converters and shown to be in good agreement with numerical solutions of the CMEs and beam propagation simulations. The analytical expressions from the LZ analysis offer useful insight into the spectral properties of the mode converters and suggest bandwidth tunability of these devices. We demonstrate bandwidth tunability of the mode converter by a numerical example.
Introduction
Recently, analogies between quantum mechanics and wave optics in integrated optics devices have been exploited to realize many interesting devices [1] - [3] . Of particular interest is the analogy between light passage in engineered photonics systems and coherent population transfer among quantum states of atoms and molecules by laser pulses. In atomic and molecular physics, laserinduced adiabatic population transfer techniques have been studied extensively, because efficient population transfer that is relatively insensitive to pulse parameters can be realized with these techniques [4] . The simplest case is adiabatic population transfer via a level crossing in a two-state system, and its analogies in integrated optics have been realized in curved waveguide coupler [5] and in engineered multimode waveguides [6] . Similar to their quantum mechanical counterparts, these devices have broadband characteristics due to the adiabatic nature of the light passage process. The other analogy that has been studied is that of a three-state system and stimulated Raman adiabatic passage (STIRAP) [7] , in which two delayed laser pulses are used to transfer the population between two energy levels utilizing a dark state. Coupled waveguides have been used to visualize the quantum state evolution in such systems [8] , and broadband (9 500 nm) polychromatic beam splitting using coupled waveguides [9] has been demonstrated. The common features of these adiabatic devices are their robustness against process variations and broadband.
We have previously proposed mode conversion/splitting devices using computer-generated planar holograms (CGPHs) in multimode waveguides based on optical analogies of STIRAP [10] , [11] and shown their robustness to process variations through numerical simulations. In the these devices, multiplexed long-period gratings with coupling coefficient variations along the propagation direction are used to mimic the delayed laser pulses in STIRAP, and it is assumed that the input wavelength is on resonance with the periodic structure (zero detunings). Contrary to coupled waveguide systems in which the dark mode always exists even with wavelength detunings [9] , the dark mode vanishes with wavelength detunings due to the diffraction property of multimode waveguides. In this paper, we investigate the wavelength dependence of the mode converters based on optical analogy of STIRAP in multimode waveguides. Wavelength detunings deteriorate the adiabaticity and result in diabatic coupling of the adiabatic modes. We derive the coupled mode equations (CMEs) for the mode converters with wavelength detunings and verify the equations with beam propagation simulations. To study the relation between the device bandwidth and the spatially varying coupling coefficient profile, we use the Landau-Zener (LZ) model [12] to obtain approximate analytical expressions for the wavelength dependence. The analytical expressions from the LZ analysis offer useful insights into the spectral properties of the mode converters and indicate the possibility of bandwidth engineering. A numerical example is used to demonstrate bandwidth tunability from 6.9 nm to 11.3 nm by changing the spatial delay between two gratings.
CMEs With Wavelength Detunings
In a step-index multimode waveguide supporting N ! 3 forward-propagating modes, we consider three distinct modes jÉ p i, jÉ q i, and jÉ r i, with complex amplitude a p , a q , a r , and propagation constants p , q , and r . The propagation constants are related to the mode number m by the following diffraction relation [13] :
where is the free-space wavelength, n c is the core effective index (assumed to be -independent), and W e is the effective width. 
where a ¼ ½a p ðzÞ; a q ðzÞ; a r ðzÞ T , and 2 mn ¼ m À n À 2=Ã mn . We design the grating periods at the zero-detuning wavelength 0 , that is
Using (1) and (3), we can obtain
where the wavelength detuning is Á ¼ À 0 . Now, we define new mode amplitudes 
where the reference detunings m are chosen as
On substitution of (5) and (6) in (2), the simplified CMEs are given by
where
Replacing the spatial variation z with the temporal variation t, (7) is used to describe the probability amplitudes of a three-level atomic system driven by two laser pulses shown in Fig. 1 using the Schrö dinger equation ð" h ¼ 1Þ under the rotating-wave approximation [4] , in which A represents the probability amplitudes of the states being populated, mn is the Rabi frequency of the pulse coupling states jÉ m i and jÉ n i, and Á m is the cumulative detuning of state jÉ m i with respect to state jÉ p i.
In such a three-level system, when two-photon resonance between states jÉ p i and jÉ r i occurs, Á r ¼ 0, K has a zero-eigenvalue with the corresponding dark mode [4] 
Mode conversion between jÉ p i and jÉ q i in multimode waveguides by optical analogy of STIRAP is based on the adiabatic evolution of v a [10] . From (8) and (9), when the input wavelength is on resonance ðÁ ¼ 0Þ, the diagonal elements of K become zero. From (10) , if the two variable coupling coefficients pq ðzÞ and qr ðzÞ are applied in a counterintuitive scheme, as shown in the inset of Fig. 1 , where qr ðzÞ precedes pq ðzÞ, then v a approaches jÉ p i at the input. If jÉ p i is incident in the waveguide, v a will be excited; at the output, v a has adiabatically evolved to jÉ r i, and mode conversion is accomplished. In the ideal STIRAP process, 100% conversion is possible as long as the adiabatic condition is met [7] . That is, no coupling occurs between v a and the other two adiabatic modes v þ and v À .
On the other hand, the conversion efficiency is sensitive to the detunings Á q and Á r [15] , [16] . For the mode converter considered here, the detunings are related to the wavelength detuning Á and differences in the squares of mode numbers as shown in (8) and (9) due to the diffraction relation of step-index multimode waveguides shown in (1). With finite detunings, nonadiabatic crossings occur between the eigenmodes of K, v þ , v a , and v À , resulting in conversions between the guided modes, jÉ p i, jÉ q i and jÉ r i. In the next section, we adopt the LZ model [12] to study analytically the wavelength dependence of the mode converter due to nonadiabatic crossings of eigenmodes.
To test the derived equation (7), we use scalar beam propagation method (BPM) to simulate the wavelength dependence of a mode converter. We consider a 20-mm long, five-mode polymer waveguide with CGPH similar to the one in [11] for mode conversion from jÉ 1 i to jÉ 3 i via jÉ 2 i. The CGPH used to implement the counterintuitive coupling scheme is designed at the zero-detuning wavelength 0 ¼ 1:55 m and the TE polarization. Gaussian shaped coupling coefficients 12 and 23 in the form of gratings are chosen to mimic the optical pulses used in STIRAP. More details on the design parameters of the numerical example can be found in [11] . In Fig. 2 , we plot the output modal power in jÉ 1 i and jÉ 3 i as a function of wavelength from numerical solutions of (7) using Runge-Kutta method, as well as results from BPM simulations. It is clear that the CMEs (7) agree quite well with the BPM simulations. The small discrepancies in BPM and CME results could be partially attributed to the fact that the CMEs neglect couplings between modes jÉ 1 i and jÉ 3 i, which, despite being very small, is present in our CGPH design.
LZ Analysis
For the LZ Analysis, we first illustrate the eigenmodes crossings with the same 20-mm-numerical example considered above. In Fig. 3 , we plot the normalized power in each guided mode (a), eigenvalues of K (b), and normalized power in the eigenmodes of K (c) as a function of propagation distance at the zero detuning wavelength 1.55 m. It is clear that there is no coupling between the eigenmodes, and we have 100% conversion from jÉ 1 i to jÉ 3 i. In Fig. 3(d)-(f) , we illustrate the case with a wavelength detuning Á ¼ 0:005 m. We observe lowered conversion efficiency and quite complex coupling among the guided modes in Fig. 3(d) . We also observe that at the input and output Fig. 2 . Wavelength dependence of the mode converter output modal power using jÉ 1 i as the input. LZ: Landau-Zener analysis. CME: numerical solution of (7). BPM: beam propagation simulation.
ends of the waveguide, the adiabatic modes v þ , v a , and v À approach the guided modes jÉ 1 i, jÉ 2 i, and jÉ 3 i, respectively. As a result, the conversion among the guided modes can be approximated by the coupling among the adiabatic modes v þ , v a , and v À . Upon closer inspection, we observe that the power of adiabatic modes [see Fig. 3(f) ] vary predominantly around the location of the two avoided crossings of eigenvalues (boxed region) in Fig. 3(e) . This allows us to analytically calculate the coupling between adiabatic modes only at these two locations using the LZ model [12] . If one of the coupling coefficients equals zero, eigenvalue crossings would occur. Setting pq ¼ 0 in matrix K in (7), we can obtain its eigenvalues
By equating (11) and (12), we can solve for the position of the first avoided crossing z 1 . The second avoided crossing z 2 can be found in the same manner by setting qr ¼ 0. Generally, z 1 and z 2 are found numerically; an instance of analytical expressions for z 1 and z 2 for the special case of Gaussian shaped coupling coefficients can be found in [16] .
The LZ model gives the probability of a diabatic transition between two adiabatic states with the assumption that the eigenvalue separation of the diabatic states is linear and that the coupling is time-independent. Following the formalism of [16] , we obtain the conversion efficiency at the two avoided crossings in Fig. 3(f) as
where z 1 and z 2 are the positions corresponding to the first and second avoided crossings. Finally, the modal powers in v þ , v a , and v À at the output are obtained using (14) and (15), and they correspond to modal powers in jÉ 1 i, jÉ 2 i, and jÉ 3 i at the output. Using the same numerical example for mode conversion from jÉ 1 i to jÉ 3 i, we plot the output modal powers in jÉ 1 i and jÉ 3 i as a function of wavelength using the LZ model in Fig. 2 . It is clear that for small wavelength detunings, the LZ analysis is in good agreement with CMEs and BPM results. The effect of wavelength detunings can indeed be explained by diabatic coupling of adiabatic modes using the LZ analysis.
Bandwidth Tunability of the Mode Converters
From the results of LZ analysis (14) and (15) (14) and (15) predict a faster fall-off of the output power with wavelength detuning, which indicates a narrower output spectrum, and vice versa. The first crossing occurs in the vicinity where the value of pq is close to zero, and the second crossing occurs in the vicinity where the value of qr is close to zero, with their precise locations determined by (11)- (13) . This indicates a possible way to tune the output bandwidth of the mode converters by engineering the shapes (slopes) and spatial delay of pq and qr . It is beyond the scope of this work to categorize or evaluate the various design approaches that are possible; rather, in the following, we use a specific design example to demonstrate the concepts of bandwidth tunability in these devices. We also have to keep in mind that any design of pq and qr would need to satisfy the adiabatic condition for good conversion efficiency [7] .
From the inset of Fig. 1 , we can see that for fixed pq and qr spatial profiles, the location of the two crossings is closely related to the spatial delay between the two Gaussian shaped pulses. The device bandwidth is also expected to change accordingly. Using the same 20-mm-long mode converter for jÉ 1 i to jÉ 3 i conversion considered earlier, we calculate jÉ 3 i output spectrum by solving (7) subject to different delays between pq and qr . The result is shown in Fig. 4 . For this particular example, the delay should be kept between 1.6 mm and 4.8 mm to satisfy the adiabatic criterion for high conversion efficiency (9 90%) at the zero detuning wavelength. In Fig. 5 , we plot the full width at half maximum (FWHM) of the spectrum as a function of the delay. For delays between 1.6 mm and 4.8 mm, the FWHM varies between 6.9 nm to 11.3 nm with a tuning range of 4.4 nm. In the same figure, we also plot the slopes of qr at the first crossing z 1 for different delays. At a delay of 3.5 mm, we find that (14) and (15) predicts the slowest fall-off of the output power or the widest bandwidth at a delay of 3.5 mm, which agrees very well with the numerical result in Figs. 4 and 5 . At other delays, LZ results predict narrower bandwidth due to smaller qr slopes, which is also evident in Figs. 4 and 5. We note that while the LZ analytical expressions give useful guidelines on the variation of the mode converter bandwidth over a certain delay range, it does not describe the bandwidth variation over the full delay range. This is due to the failure of the LZ model assumptions at shorter and longer delays.
Conclusion
In conclusion, the CMEs for adiabatic mode conversion via an intermediate mode with wavelength detunings are derived for an engineered step-index multimode waveguide and verified with BPM simulations. Adiabatic mode conversion in multimode waveguide using optical analogy of STIRAP is analyzed using the LZ model. The wavelength dependence can be attributed to diabatic coupling between the adiabatic modes due to wavelength detunings. The analytical expressions derived using the LZ model provides a good estimate of the spectral response on the mode converter. The analytical expressions also offer useful insights into the spectral properties of the mode converters. The bandwidth of the mode converter can be tuned by changing the spatial delay between the two gratings used to mimic laser pulses in STIRAP. A tuning range between 6.9 nm to 11.3 nm is achieved in a numerical example.
